We propose an efficient approach to generate the superposed macroscopically squeezed states with enhanced squeezing in a two-mode optomechanical system. This can be achieved by introducing a sinusoidal modulation to either the cavity frequencies or the coupling strengths between two cavity modes. The squeezement of the oscillator can be significantly enhanced to 12.16 dB with single photon, once the relative ratio of coupling strength is optimized under proper conditions. Further enhanced squeezing can be obtained by carefully adjusting the system parameters. In terms of the Wigner quasi-probability distribution, we show the squeezed error ellipses and interference fringes of the Yurke-Stoler-type squeezed states, denoting the squeezing and superposition properties. Our state generation scheme show reliable performance and robust resistance to finite environmental fluctuations, which implies applications for both fundamental interest and practical value.
I. INTRODUCTION
Quantum superposition [1] [2] [3] [4] , which is the intrinsic distinction between the classical and quantum worlds, has attracted considerable interest since its discovery. In the past few years, various superpositions of quantum states, e.g., superposition of number or coherent states [5] [6] [7] [8] [9] , have been explored in various systems, ranging from micro-scale, such as laser-trapped ions [10] , ultracold atoms [11] , superconducting systems [12] [13] [14] [15] , to meso-scale, e.g., microwave cavities interacting with Rydberg atoms [16] [17] [18] . However, it remains freshly studied to generate macroscopically superposition states in macroscopic systems with up to 10 10 atoms, e.g., qubitoscillator [19] and cavity optomechanical systems [20] [21] [22] . Decoherence to such huge number of atoms, induced by the quantum and thermal fluctuations, can often destroy and make it challenging to preserve the superposition. Meanwhile, squeezed state appeals a lot to researchers due to its high performance in the aspects of the continuous variable quantum information processing [23, 24] and the quantum metrology [25] [26] [27] [28] . Its intrinsic property of quadrature squeezement permits the reduction of quantum fluctuation in one quadrature to below the ground state (vacuum) level. Particularly, it plays an important role in ultrasensitive measurement, such as the detection of gravitational wave [29] , photon scattering recoil event at the single photon level [30] , and possible future astronomical observations such as supernova explosions. The aspiration for higher measurement precision inspires researchers to explore further enhancement of squeezing to beyond the quantum limit. Taking overall consideration, the state engineering of the quantum superposition of squeezed states [31] [32] [33] [34] [35] [36] [37] [38] [39] with both the macro-scale * Electronic address: yuxiliu@mail.tsinghua.edu.cn and enhanced squeezing degree, remains challenging but holds much promise for both the fundamental interest and practical value.
Many pioneering schemes have been proposed during the process of improving the degree of squeezing. As shown in Ref. [40] , position resolution with a factor of 4.3 above the quantum limit is achieved at millikelvin temperatures. Efficient squeezing can also be achieved via the backaction evading measurement (BAE) [41, 42] , or detuned mechanical parametric amplification (DMPA) with continuous weak measurement and feedback to the system [43] . Besides, the generation of squeezing can be realized via the reservoir engineering [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , which does not require any feedback. For example, when the cavity is driven by the squeezed light, a squeezed heat bath can be provided, and transferred to the membrane via the radiation pressure efficiently [44] . An intermediate mode can also be engineered, via the modulated driving [45] [46] [47] induced beam-splitter-like interactions, and then serve as a reservoir to cool the Bogoliubov mode of the target system operators to the near ground state [49] [50] [51] [52] [53] [54] . However, these schemes are somewhat constrained by the requirements of ultra-low temperature or absolute strong coupling to the cavity mode, which are kind of difficult to be realized in current experiments. Additional side-effect is the possible parametric instability, which may induce the system entering the chaotic regime [55] [56] [57] . Moreover, large squeezing can be achieved by increasing the effective coupling strength, in the way of achieving large number of average photons [58, 59] , or adding atoms into the cavity [60] , i.e., the atom-assisted squeezing. Nevertheless, the growing number of photons or atoms is accompanied with intensive dissipation effects, actually leading to the increase of threshold temperature of the mirror's bath. Thus, in this paper, we focus on the singlephoton induced squeezing to avoid from the intensive dissipation caused by large number of photons. Meanwhile, we resort to the modulated scheme [19] [20] [21] [22] [61] [62] [63] [64] [65] [66] , i.e., modulating the system parameters, such as frequencies or coupling strengths, to optimize relative ratios of coupling strengths, rather than simply increase their magnitudes.
Motivated by works in Refs. [19] [20] [21] [22] [61] [62] [63] [64] [65] [66] , here we revisit the standard quadratically coupled optomechanical system [67] [68] [69] with the so-called "membrane-in-themiddle" (MIM) configuration [69] [70] [71] , and propose an efficient approach to generate the superposed macroscopically squeezed states with enhanced squeezing. This goal can be realized by applying a sinusoidal modulation to the cavity frequency or the photon hopping rate and cavity optomechanical coupling strengths. Once the modulating frequencies and amplitudes satisfy specific conditions, the system can be approximately described by a quadratic-coupling optomechanical system with modified coupling strengths and mechanical resonator frequency. Then an effective strong coupling regime is achieved and the squeezement of the mechanical resonator is enhanced remarkably below the zero-point level to 12.16 dB. As far as we know, this degree of squeezing goes beyond to the best experimental realization 11.5 dB in Refs. [72, 73] . By carefully designing the initial state of the system and measuring the cavity at proper time, we can arrive at the superposed squeezed state of mechanical mode. We will show its enhanced squeezing and superposition properties in terms of Wigner function. We will also show the robust performance of this state generation scheme in open system. The rest of our paper is organized as follows. In Sec. II, we first give an explicit description for the quadratically coupled MIM optomechanical system. Then, the effective Hamiltonian in presence of a sinusoidal modulation to cavity frequencies are presented in Sec. III. In Sec. IV, we show the mechanism of enhanced squeezing with single photon, and verify its validity through fidelity. In Sec. V, we study the generation of superposed enhanced macroscopically squeezed states and its interference effect in terms of Winger quasi-probability distribution. In Sec. VI, we consider the effect of environmental fluctuations to the performance of the state generation program. Finally, we summarize our research results in Sec. VII. Besides, the explicit processes with modulated photon hopping rate and optomechanical strengths are shown explicitly in Appendix A. Meanwhile, the details in calculating the Wigner distributions are shown in Appendix B.
II. THEORETICAL MODEL
The standard quadratically coupled MIM optomechanical system we considered is schematically shown in Fig. 1(a) , where a thin dielectric membrane is placed inside a Fabry-Pérot cavity. We assume that the reflection coefficient of the membrane is large enough to separate the cavity into the right and left halves, and permits photon tunneling with a coefficient J at the same time. The independent modes in these two halve cavities are labeled by R and L. We also assume that the membrane is located in the node of the intra-cavity standing wave, such that the cavity field is coupled quadratically to the mechanical displacement [22] . The equivalent coupledharmonic-resonator model is shown in Fig. 1(b) , i.e., the right, left cavities and the mechanical resonator mutually interact. The Hamiltonian of this hybrid MIM optomechanical system can be described as
Here we have assumed the same frequency ω c for the left and right cavity modes a L and a R , and ω M is the resonance frequency for mechanical mode b. Specifically, the quadratic cavity-membrane coupling strength [70, 71] , with T denoting the membrane transmissivity. The parameter τ = 2L/c signifies the round trip time for each cavity, and ζ = ω c /L, with L the cavity length when the membrane and the outside mirror remain static. In fact, our model is general and system independent, it can be implemented with various experimental setups [67] [68] [69] 74] . In addition to the MIM configuration [69] , the cold-atom optomechanical system [67, 68] and superconducting quantum interference device (SQUID) [74] are also potential platforms to demonstrate our scheme with carefully design.
In order to get the effective strong coupling and enhanced squeezing, we introduce a sinusoidal modulation to the cavity frequencies ω c or the photon-hopping interaction constant J and optomechanical coupling constant g 0 . We note that this method has been widely applied to various tasks, such as generating distinct coherent states [19, 20] , manipulating counter-rotating interactions [63] to achieve ultrastrong Jaynes-Cummings interaction [64] , realizing efficient and compact switch for quantum circuits [65] , and designing PT -symmetric circuit QED [66] . Here, we will mainly study the situation where a sinusoidal modulation is introduced to the cavity frequencies, while the case when the modulations are apllied to the photon-hopping rate J and optomechanical coupling g 0 will be shown in Appendix A explicitly.
III. HAMILTONIAN ENGINEERING
Now we assume that the cavity frequencies of the left and right cavities are modulated as
respectively, and the modulated Hamiltonian is given by
Here, we assume that the modulating amplitude ∆ 0 is far less than the modulation frequency J, i.e., ∆ 0 ≪ J. Considering that cavity frequency is proportional to L −1 [22] , the modulated cavity frequencies can be realized by modulating the lengths of the left and right cavities as
, respectively. In terms of experimental practicability, the cavity lengths can be modulated with the help of two lasers with beat frequency 2J [75] , or the piezoelectric transducer, which converts the electrical signal to mechanical vibration [76] . Besides, the rapid response of cavity frequencies makes it reasonable to neglect the back-action of the length modulation to the membrane. Thus, the full Hamiltonian of this hybrid MIM system under the frequency modulation can be engineered as
The state-evolution of this system can be described by the Schrödinger equation
Usually, this equation can be solved by introducing an unitary transformation Q(t), i.e., |ψ (t) = Q(t) ψ (t) .
As a consequence, Eq. (6) can be rewritten as
withH(t) determined by [77] 
In our case, the unitary transformation Q(t) is defined as Q(t) = P 1 (t)P 2 (t)P 3 (t) [78] , with
With the transformation Q(t), the Hamiltonian shown in Eq. (8) can be written explicitly as
with the functions
Besides, we have defined the modified coupling constant g and detuning δ ± as,
respectively. It is obvious that more interaction components show up due to cavity frequencies modulation, e.g., terms whose frequencies or amplitudes are related to ∆ 0 and J. However, we can always find a way to manipulate the desired terms into near-resonant ones, such that the resulted effective strong coupling terms actually dominate the evolution of the system, while other fastosillating and relatively weak coupling ones can be neglected. In our work here, we would like to study the generation of the squeezing states for mechanical resonator, thus we consider the following conditions
In this situation, the terms other than those with frequency δ − in Eq. (12) turn out to be fast-oscillating and weak coupling, while the coupling coefficients in the desired near-resonant terms are comparable to the oscillating frequencies, i.e., the effective strong coupling is realized. Thus, it is reasonable to conduct the rotating-wave approximation (RWA) to Eq. (12), leading tõ
For convenience, we have neglected the subscript and rewritten δ − as δ to represent the slow oscillating frequency, i.e., δ = δ − = ω M − J. We can further arrive at the effective Hamiltonian
by performing the unitary transformation P 4 (t), which is defined as
As a result, under the conditions shown in Eq. (14), we engineer an effective strong quadratically coupled Hamiltonian, i.e., Eq. (16), for the modulated cavity frequency case. Additionally, the conditions and engineered Hamiltonian correspond to the modulated coupling strengths case are shown in Eqs. (A12) and (A14), respectively. The flexibility of modulation permits the detuning δ = ω M − J to be small enough than the modified coupling strength g, which further leads to effective strong and even ultra-strong quadratically coupling. This Hamiltonian engineering mechanism actually lays the foundation of generating the superposed macroscopically squeezed states with enhanced squeezing at singlephoton level, which we would like to give a detailed description in the rest part of our work.
IV. ENHANCED SQUEEZING WITH SINGLE-PHOTON
Let us first focus on how to enhance the degree of squeezing for the states of the mechanical resonator utilizing the Hamiltonian in Eq. (16) . We hope that the enhanced squeezing can go far beyond the quantum limit than most of reported schemes. With carefully designed initial state and dynamical evolution for a proper time, we can obtain the enhanced squeezing state for the mechanical mode.
For a closed system without dissipation, we can get analytical results, according to the effective Hamiltonian H eff (t) in Eq. (16) and the corresponding time-dependent Schrödinger equation i∂ |ψ eff (t) /∂t = H eff (t) |ψ eff (t) . Here the instantaneous state |ψ eff (t) is related to the analytical state |ψ (t) in Eq. (6) with several unitary transformations, which have been shown in Eqs. (9)- (11) and (17), i.e.,
Using the standard disentangling techniques utilized in quantum optics [79] , we can evaluate the time evolution operator, corresponding to the effective Hamiltonian H eff , as
The time-dependent parameters ξ ≡ ξ (t) and phase factor η ≡ η (t) are defined as
respectively. It is obvious that ξ (t) represent the degree of the squeezing as shown in quantum optics [79] . We also note that η (t) is a real number, and the other parameters can be evaluated as
Here
R a R denotes the photon number inversion between the left and right cavities. The Eqs. (20)- (24) indicate that the degree of squeezing is related to photon number. For the convenience of calculation and in oder to reduce the intensive dissipative effects caused by large number of photons for the open system which we will study in Sec. VI, we will mainly consider the squeezing of the mechanical resonator with single photon, i.e., n L + n R = 1. Here, n L (n R ) = 0, 1, 2 · · · denotes the photon excitation number corresponding to the photon number operator a † L a L (a † R a R ) in the left (right) cavity. According to Eqs. (18) and (19) , the dynamical change from the initial state |ψ (0) to the final state |ψ (t) , i.e., |ψ (0) → |ψ (t) , can be described as
Here,
denotes the approximate time evolution operator associated with the original total Hamiltonian in Eq. (5). Meanwhile, the relation |ψ (0) ≡ |ψ eff (0) has been used. In the process of getting the approximate analytical state |ψ (t) in Eq. (25), rotating-wave approximation has been made under the condition Eq. (14). Thus we need to verify its validity by checking the fidelity between the approximate analytical state |ψ (t) , and the numerical state |Ψ (t) associated with the original total Hamiltonian in Eq. (5). The numerical results can be obtained by solving the Schrödinger equation i∂ |Ψ (t) /∂t = H (t) |Ψ (t) based on the general singlephoton state of the system right cavities, and the mechanical resonator, respectively. The equations of motion can be expressed aṡ
As long as the coefficients A m (0) and B m (0) (m ≥ 0) for the initial state |Ψ (0) are given, we can obtain the state |Ψ (t) at any given time by solving Eqs. (28) and (29) numerically. We now consider the mechanical squeezing with single-photon by assuming the initial state |ψ (0) =
, there is only one photon in the left cavity while vacuum in the right one, and the mechanical membrane is in the ground state |0 M . According to Eq. (25), the wave function |ψ(t) at time t can be analtically written as
with the global phase factor Here |Z (t) M is the squeezed vacuum state of the membrane with
and the parameter ξ (t) have been given in Eq. (20) . Meanwhile, the corresponding parameters in Eqs. (23) and (24) can be specifically written as
based on the single photon assumption shown in Eq. (27) . An expression of the squeezed vacuum state |Z (t) M in terms of the number state |m is given by [83, 84] 
where
(35) Here the modulus R (t) and argument Φ (t) of Z (t) are defined as
respectively. It is obvious that if δ > 2g, then χ > 0, and R (t) shows up as a periodical function, with the period T = π/χ. The first maximum squeezing R (T M ) = sinh −1 (r/χ) is achieved at T M = T /2, as pointed out by the vertical red-dotted line in Fig. 2(a) . Besides, we also show how the degree of squeezing R (t) varies versus time, under different detunings δ in Fig. 2(a) . It is shown that with the decreasing of the δ, e.g., from δ/g 0 = 1.5 (green dotted line) to 1.13 (red solid line), the period T gets longer and R (T M ) becomes larger. At the singular point δ = 2g, R (t) = sinh −1 (rt) grow exactly in the form of hyperbolic sine function (black dash-dotted line). As for the smaller detuning case δ < 2g, for example, δ/g 0 = 0.25 (blue dashed line), the mechanical squeezing R (t) = sinh −1 r sinh 4g 2 − δ 2 t / 4g 2 − δ 2 grows monofonically with time until the Hamitonian breaks down. We find that, although the larger detuning case (δ > 2g), which corresponds to periodic squeezing, can not get the given squeezing in shortest time, it shows higher stability to the perturbation around T M . Thus, in this work, without loss of generality, we mainly focus on the larger detuning case with periodic squeezing, e.g., δ/g 0 = 1.13 (red solid line). In this case, the maximum degree of mechanical squeezing can be enhanced to −10log 10 [exp(−2 * R(T M ))] ≃ 12.16 dB [77] . Next, we will show its reliability by checking the fidelity between the analytical and numerical states.
According to Eq. (27), the initial state |Ψ (0) can be expressed as
Then by solving the equations of motion in Eqs. (28) and (29) numerically, we can get the state at any given time |Ψ (t) . In terms of the analytical expression |ψ (t) and numerical result |Ψ (t) , the fidelity F (t), which is defined by | Ψ (t) |ψ (t) | 2 , can be written as
(39) In Fig. 2(b) , we plot the fidelity F (t) as a function of time t for different rescaled modulating amplitudes ∆ 0 /g 0 , under given detuning δ/g 0 = 1.13. Note that the squeezing of this given detuning corresponds to the redsolid curve in Fig. 2(a) . We also would like to mention that the photon tunneling rate J/g 0 = 398.6 is chosen in order to get the strongest interference effect, which will be illustrated in Sec. V. Here, we focus on the evolution of F (t) within T M = T /2 = π/2χ, considering that it is long enough for us to get the macroscopically squeezed state with enhanced degree of squeezing. It can be seen that higher fidelity is arrived with the increase of the rescaled modulating amplitude ∆ 0 /g 0 , e.g., from 20 (blue line) ranges to 60 (red line), and then 100 (black line). However, it does not mean that the modulating amplitude ∆ 0 is allowed to increase unlimitedly, which actually has been implied in Eq. (14) . by the red-dashed line in Fig. 2(a) . In Fig. 3 , we show the response of F (T M ) to the variation of rescaled modulating amplitude ∆ 0 /g 0 , under different modulating frequencies J/g 0 . Meanwhile, we fix the rescaled detuning δ/g 0 = 1.13, and adjust the mechanical frequency following the relation ω M = δ + J. It shows that high and stable fidelity F (T M ) can only be obtained within a certain range of ∆ 0 /g 0 . Moreover, the range shrinks with the reduction of the rescaled tunneling rate J/g 0 , e.g., from 398.6 (black solid line) to 258.6 (red dash-dotted line), and then 118.6 (blue dotted line). Once the rescaled modulating amplitude ∆ 0 /g 0 goes out of the range, the fidelity F (T M ) decreases in an oscillating way to zero, which means the validity of RWA needs to be reconsidered. Obviously, the characteristics shown in Fig. 2(b) and Fig. 3 are in good accordance with the condition in Eq. (14) .
The high fidelity under the condition in Eq. (14), makes it reliable to generate the mechanical squeezed state with enhanced squeezing degree in our approach. Provided that the system was initialized as |ψ (0) = |1 L |0 R |0 M and evolved for time T M , the mechanical resonator can be projected into an enhanced squeezed vacuum state |Z(T M ) . Meanwhile, the degree of squeezing can be enhanced to 12.16 dB and even further. Next, we would like to show the superposition of the squeezed state with enhanced squeezing degree and its interference property.
V. GENERATION OF SUPERPOSED ENHANCED SQUEEZED STATES
In this section, we focus on the superposition of the macroscopically squeezed state with enhanced squeezing degree, which has been discussed in Sec. IV. Similarly, we now assume that the initial state of the whole system has the form of
which means that the photons in the left and right cavities are entangled with each other, and the mechanical resonator is initialized in the ground state. Utilizing the unitary evolution operator U (t) in Eq. (26) and following the evolution equation in Eq. (25), the state |ψ ′ (t) of the system at time t can be obtained analytically as
Here, the global phase factor θ(t) has been defined in Eq. (31), and
represent two Yurke-Stoler-like [80] [81] [82] quantum superpositions of the enhanced squeezing states with different relative phases, respectively. Following the same procedure in the last subsection, i.e., by measuring the photon in the left or right cavities at time T M , we can get the mechanical resonator in the superposed squeezed states
Meanwhile, the numerical solution |Ψ ′ (t) can also be obtained from the corresponding initial condition
and the evolution equations shown in Eqs. (28) and (29). In Figs. 4(a) and 4(b), the reliability of |ψ ′ (t) in Eq. (41) is verified by checking the fidelity dynamically and instantaneously, i.e., F ′ (t) and F ′ (T M ) under different conditions, respectively. Corresponding to the conditions in Eq. (14) , they behave similarly with F (t) and F (T M ) in Fig. 2(b) and Fig. 3 , respectively, except for different absolute amplitudes and ranges. For example, under given photon tunneling rate J, the reliable range of modulating amplitudes ∆ 0 in Fig. 4(b) is smaller than that in Fig. 3 , this may be induced by the interference between different channels shown in Eq. (41) and Eq. (42). The interference effect in the superposed squeezed states can be seen from their Wigner quasi-probability distributions, which are defined as [85] [86] [87] 
Here, D (α) = exp αb † − α * b is the displacement operator, and ρ i is the density operator of state |ϕ i (T M ) M with the subscript i = L, R. Substituting Eq. (42) into Eq. (44), the Wigner functions for the superposed squeezed states |ϕ L (T M ) M and |ϕ R (T M ) M , can be written as 
respectively. The parameter W ± denotes the Wigner function of the squeezed state |±Z(T M ) M , while W ±∓ throws light on the quantum interference between two different squeezed states. For the compactness of the paper, the explicit expressions of W + , W − , W +− and W −+ are shown in Appendix B. In Figs. 5(a) and 5(b) , we show the Wigner functions W L (α) and W R (α) for the superposed squeezed states |ϕ L (T M ) M and |ϕ R (T M ) M , respectively. In each figure, we find two error ellipses, which mainly come from the contribution of W ± , rotated from the horizontal axis by Φ/2 and (Φ + π)/2, respectively. The quantum fluctuation is strongly squeezed by e −R in one quadrature, while stretching by e R in the other one. Besides, the fringes appear around the two error ellipses, mainly come from the contribution of W ±∓ , denoting the quantum interference between the two different squeezed states. Moreover, it is obvious that the Wigner function W R (α) in Fig. 5(b) , can be obtained by a rotation of π/2 from W L (α) in Fig. 5(a) . This phenomenon actually is consistent with the relation, i.e., |ϕ R (T M ) M = −e −ib † bπ/2 |ϕ L (T M ) M , which can be inferred from Eq. (42). We would also like to mention that, without loss of generality, in Fig. 5 , we consider the maximum interference by choosing the tunneling rate J satisfying cos (JT M ) /ie i∆0t sin (JT M ) ≃ 1. Till now, we have shown delicately the generations and quasi-probability distributions of Yurke-Stoler-like [80- 82] enhanced squeezed vacuum states in the closed system. Actually, the method we used here can be extended to more general cases, e.g., generating the superposition of squeezed coherent or number states of mechanical resonator, but here we mainly focus on and take the vacuum case as an example. Next, we would like to study the effect of the environment fluctuations on the performance of this state generation scheme.
VI. EFFECTS OF DISSIPATIONS
Let us now study the effects of environmental fluctuations on the state generation, including the fidelity and Wigner quasi-probability distribution in open system.
We study the environmental effect by using the master equation and including the dissipative terms, which can be expressed in the form of Lindblad superoperator, i.e.,
Here, γ L , γ R , and γ m represent the decay rates of the left, right cavity modes and mechanical resonator, respectively. For simplicity and without loss of generality, we will assume that the photons in left and right cavities decay in the same rate in the following part of our paper, i.e., γ L = γ R = γ c . The superoperator has the standard form of
where ρ is the reduced density matrix of the system, and o can be any system operator, i.e., a L , a R , b. Here, we assume that the cavity frequencies are much higher than the mechanical frequency, such that the thermal effect on the cavities can be neglected. Thus, the evolution of the system can be given by the quantum master equation, i.e.,
with the full Hamiltonian H (t) given in Eq. (5) . Once the initial condition corresponding to the initial state is given, e.g., (48) can be solved numerically in the complete basis set |n L ⊗ |n R ⊗ |n b . Here, n L , n R , and n b = 0, 1, 2 · · · denote the excitation numbers in cavity modes a L , a R , and mechanical resonator mode b, respectively. In this work, the numerical solution ρ (t) of the master equation in Eq. (48) can be obtained utilizing the quantum toolbox [88, 89] within a truncated Fock state space.
In Fig. 6 and Fig. 7 , we show the effects of environmental fluctuations on the fidelity F E (t) and Wigner distribution W E (α), respectively. The subscript E denotes that the effect of the environment is involved. For the purpose of convenience, here we only take the state |ϕ L (T M ) M as an example, and the environment has similar effect on the state |ϕ R (T M ) M . In Figs. 6(a-c) and Figs. 7(ad), we consider different thermal phonon numbers n th , mechanical decay rates γ m and cavity decay rates γ c , respectively. We take the case n th = 1, γ m /g 0 = 10 −4 , and γ c /g 0 = 0.1 as a reference, whose fidelity and Wigner function are denoted by the blue solid lines in Figs. 6(ac) and the quasi-probability distribution in Fig. 7(a) , respectively. Meanwhile, the cases when one of the dissipative parameters is varied, are denoted by the red dash-dotted lines in Figs. 6(a-c) Comparing the unperturbed cases in Figs. 4(a) and 5(a) with the perturbed ones in Figs. 6 and 7 respectively, we can see great correspondence in the overall behavior, except for larger and faster oscillation, which are induced by faster photon and phonon leakages. Besides, in Figs. 6(a) and 6(b), when n th and 10 4 γ M /g 0 are increased from 1 (blue-solid curve), to 12 (red dash-dotted curve), the fidelity F E (t) remains almost unchanged. The corresponding Wigner distributions in Figs. 7(a), (b) , (c) show almost the same patterns and absolute probability amplitudes. The system shows slightly obvious but reliability guaranteed degradation due to the increase of cavity dissipation, as shown in the decreasing amplitudes of the red dash-dotted curve in Fig. 6 (c) and quasi-probabilities in Fig. 7(d) . This phenomenon can be attributed to the fact that the photon leakage is the foremost resource of system dissipation.
Moreover, our approach remains robust even with further strong dissipation, e.g., n th = 50, γ m /g 0 = 50 × 10 −4 , or γ c /g 0 = 5, which are checked but not included in our paper for the clearness of figures. When the system dissipations are further increased, the quasi-probability amplitudes show small change, e.g., the amplitudes get smaller in diagonal areas while larger in non-diagonal interference fringes, which means the probability distribution of the system becomes diffused. However, the overall patterns remain similar with less disturbed cases. Thus, we can see that this state generation scheme shows robust performance and has good resistance to environmental dissipations.
VII. CONCLUSIONS
In summary, we study the superposition of the macroscopically squeezed states with enhanced squeezing in a weakly coupled two-mode optomechanical system. Notably enhanced squeezing (12.16dB) for the mechanical resonator can be achieved with single-photon, in the way of modulating either the cavity frequencies or the photon hopping rate and optomechanical coupling strength. In this work, we mainly focus on the first case, i.e., the system with modulated cavity frequencies.
Once the modulating amplitude and frequency satisfy certain conditions, it is reasonable to conduct rotating wave approximation (RWA) and neglect far-off-resonant terms. Meanwhile, the system with near-resonant terms can be approximated by an effective quadratically coupled two-mode optomechanical system with high fidelity. The Hamiltonian with flexibly modified ratio of coupling strength indicates that further considerable larger squeezing can be obtained by carefully adjusting the system parameters.
Moreover, by initializing the two cavity modes into proper states and measuring the state of photon after time T M , the mechanical resonator can be designed into a superposition state. In terms of Wigner quasi-probability distribution, we show the enhanced squeezing and superposition properties of the Yurke-Stoler-type [80] [81] [82] squeezed state, from the squeezed error ellipses and interference fringes, respectively. We also verify the validity of our approach in both the closed and open systems, i.e., without and with the dissipative fluctuations. The fidelity and Wigner distribution remain almost unchanged with small perturbations, while show little diffusion but with reliability guaranteed and pattern protected under further strong dissipation.
Our research show that this state generation scheme is reliable and exhibit comparable tolerance to environmental fluctuations. The generated states, which have enhanced squeezing and superposition properties, hold great promise for both fundamental interest, e.g., quan-tum superposition principle, and practical value, e.g., ultrasensitive measurement.
In this appendix, we consider the case when sinusoidal modulations are applied both to the photon-hopping interaction J and quadratically coupling strength g 0 , but with different modulating strength and frequency. Then the Hamiltonian has the form of
where the time-dependent coupling strengths J(t) = Jω 0 cos (ω 0 t) , g(t) = g 0 cos (2ω p t) .
Similarly, to see clearly the effect of coupling strength modulation, we perform a series of transformation defined by
Then the transformed Hamiltonian can be written as
Utilizing the Jacobi-Anger expansions cos (2J sin (ω 0 t)) = J 0 (2J) + 2 with J m (x) being the Bessel function of the first kind and m being an integer, the Hamiltonian H ′ 2 (t) in Eq. (A4) can be expanded into
Here the functions have the form of with the detunings defined as
Obviously, more frequency terms appear because of the modulation of coupling strength, but we can always identify fast oscillating terms under specific conditions and perform the rotating-wave approximation (RWA). Consider the case
then we can arrive at
which is in the same form with Eq. (16) .
